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Abstract. In this chapter we discuss a modal logic of substitutions which provide us a way
to describe winning strategies in hide and seek game played over any game graph. To this
end, a modal logic of iterated substitutions is proposed, and a number of properties of this
logic are explored including their expressive strength and satisfiability problems. The proposed
framework is also compared with the existing ones involving iterative reasoning, which in turn
showcases certain advantages of the proposal.
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1 Introduction

In [I6], we have proposed a modal logic for the hide and seek game that describes various aspects
of reasoning in such games. We have studied various properties of the logic that can characterize
winning conditions as well as certain winning strategies in the game. In particular, one-step winning
conditions can be expressed by the said logic whereas general winning positions cannot be expressed
in this logic (cf. see [10]). Towards getting such expressive power, we explore a logical framework
that deals with ‘substitutions’ [22], in particular, ‘iterated substitutions’, first introduced in [5]. To
set the groundwork for this discussion, let us first clarify our approach to substitutions.

There can be different kinds of substitutions. For an illustration, let us take the logical operation
©[1/p] as an example, which is common in a number of classical frameworks, including propositional
logic, modal logic and first-order logic. With this operation, a new formula is obtained by replacing
all occurrences of p in ¢ with ¥. An important feature of the operation is that it does not affect the
semantic extension of a fixed formula: for instance, given a valuation function V' and a propositional
letter ¢, the extension V(q) of ¢ is never changed by the operation. So, the operation ¢[¢/p] is
essentially a syntactic update. However, depending on specific applications, it is equally natural
to work with substitutions on a semantic level. It enables us to change the semantic extensions of
formulas, especially when we need to encode dynamic information with fixed formulasmln addition,
we incorporate a mechanism for iterative substitutions, which helps describe iterative updates of
dynamic information in various scenarios. To illustrate this with regard to the hide and seek game,
let us now present a concrete example.

7 In what follows, to distinguish between these two approaches, we will often call the syntactic substitutions
‘replacements’ and the semantic ones ‘substitutions’.
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Reasoning about the hide and seek game Consider a 2-player hide and seek game where
the Hider moves to keep away from the Seeker while the Seeker moves to reach the Hider’s position.
Let us work in the scenario where the game is of perfect information and the players’ positions and
admissible moves are defined by a finite directed graph B = (W, R), such that when a player is at
position s € W, the player can move to a position in the neighbourhood of s in the next round. A
concrete example for such a graph for hide and seek game is depicted in Figure

The logic of hide and seek game (LHS, [16]) introduced in the chapter A Modal Logic for the
Hide and Seek Game can describe the actions and reasoning of both players when they are at a
specified pair of positions. LHS uses modalities [H] and [S] for Hider and Seeker’s admissible moves
respectively, and uses an atom Z to denote that Hider and Seeker are at the same node. For example,
in Figure[I]when Hider is at node c and Seeker is at node b, the formula [H](S)Z holds, which indicates
that whichever position Hider chooses to move to, Seeker can catch the Hider in the next move.

33—

Fig. 1. A toy example for the hide and seek game B,

More generally, on a finite graph for hide and seek game B = (W, R), we can use backward induction
reasoning to determine winning positions for Hider and Seeker: a pair of nodes (s,t) for Hider and
Seeker, respectively, is a winning position for Seeker whenever Seeker can catch Hider within finite
rounds, whatever strategy Hider uses, starting from the position (s,t). In other words, a pair of
nodes (s,t) is a winning position for Hider if Hider has a strategy to prevent getting caught by the
Secker in any finite rounds ff| We follow the convention that Hider moves first from node s and then
the Seeker moves from node ¢, and the game continues with the players moving alternately. Since
the winning positions of Hider and Seeker are complementary, in the sequel we focus on the winning
position of Seeker, which can be captured by the following expression, which evidently does not have
an equivalent formula in LHS:

(s,t) is a winning position for Seeker < 3 natural number n, ([H](S))"Z holds at (s, t)ﬂ

The process of finding the truth set of In([H](S))"Z (i.e. the set of winning positions for Seeker) is
equivalent to conducting backward induction, which bears a natural iterative substitution core as
follows:

Wing := T; (Wins := [H](S)Wing)*

Here, Wing denotes the set of winning positions of the Seeker. One can read the formula as follows:
initially, Wing is the immediate winning positions of Seeker where Hider and Seeker start at the
same node, and then the Wing-states (of the next stage) are iteratively re-defined as the states with
the property [H](S)Wing for finitely many times. For illustration, in Figure for hide and seek game,

8 By the Gale-Stewart Theorem [9], a pair of nodes (s,t) is either a winning position for Hider or Seeker.
So, the complement of the set of winning positions of Seeker is the set of winning positions of Hider.

9 In fact, n can be bounded above by 2lWI* (|W| denotes the cardinality of the set of nodes W), since after
2WI* jterations the truth set of ([H]{S))™T will repeat.



Modelling strategies in hide and seek game: A substitution approach 3

Wins evolves in the iterative substitutions as follows:
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where the set stabilizes after the third iteration. The sequence of sets found in this process is exactly
the sequence of sets found by backward induction. We defer the precise proof of this connection to

Section [2.3 [

To understand the properties of the iterative substitution cores, we are going to explore logical
frameworks with iterative substitutions, which will be integrated into standard modal logic as addi-
tional modalities. Beyond the widespread application of substitutions, as illustrated in the example,
they also play a crucial role in numerous other logical systems. The remainder of this section will
discuss related work.

Related work We start by mentioning some lines of research that are closely relevant to the
notion of one-step substitutions, which is the base for iterative substitutions. Local fact change
logic[1T121] extends the standard modal logic with an update operator that works somewhat dif-
ferently in comparison to the substitution operator that we propose here. |E| The modal operators
describing syntactic substitutions are studied in [20], in contrast to our semantic framework. An-
other important tradition is dynamic-epistemic logic DEL [83] that deals with changing models with
various mechanisms [I8/TIT3|T4].

As mentioned earlier, the study on modal logic with iterative substitutions was initiated in [5],
where the logic is referred to as Modal Substitution Logic. E| In addition, there are quite a few mile-
stone contributions on iterative reasoning that have close connections to our proposed framework,
including the modal p-calculus [15123], the infinitary modal logic [19], the propositional dynamic
logic [2] and iterative modal relativization [17]. As mentioned above, these logics also involve iterated
and/or infinite computations. For a better understanding of our proposal, we would explore the
precise connections between these frameworks and ours in the later sections.

——
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Outline Our main goal is to explore the framework of iterative substitutions, formalized by Modal
Iterative Substitution Logic MISL. The organization of our study is as follows: Section [2] lays out the
basics of MISL, whose language extends the standard modal language with single-step substitution
operators (p := ) and iterative substitution operators ((p := t)*). Section discuss various
validities. Section [2.3| analyzes the applications of the resulting logic to our motivating example
and other relevant game-theoretic notions in the literature. Next, in Section [3] we systematically
investigate various properties of MISL, involving its expressive power and computational behavior.
Section [3.2] shows that the logic does not have the finite model property, and develops suitable upper
bound and lower bound for the satisfiability problem of MISL, which illustrate that the logic is X} -
complete (hence, undecidable). Moreover, Section shows that the satisfiability problem of the
logic is undecidable even when we confine ourselves to very simple classes of models (e.g., finite tree

10 One may observe that the backward induction described can also be formalized by the modal p-calculus
(see Section, and we will show that our proposal with the substitution operators are capable to reason
about more intrinsic details with respect to the game (Section .

11 The updates in this logic are implicit rather than explicitly described as in our case. Additionally, the
set of propositional letters involved in an update could be infinite, and in general, the updates may be
undefinable using a formula within the logic itself.

12 We will refer to this logic as Modal Iterative Substitution Logic here, to differentiate between the frameworks
with and without iterative substitutions. See [22] for more details.
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models). Motivated by the observation on the applications of MISL, we place our logic at a broader
setting and study the formal connections between MISL and its cousins with the flavor of iterative
computations in Section [d which also demonstrates the merits of our proposal. Finally, Section
concludes the article with several directions that deserve to be explored in the future.

2 A modal logic for iterative substitutions (MISL)

Let us now follow [22] and present a formal proposal to explore the nature of substitutions. In
this part, we define Modal Tterative Substitution Logic (MISL) with both simple substitution op-
erators and iterative substitution operators. This section will present some validities to show how
the iterative operators work and formally show that the backward induction reasoning introduced
in Section [I| can be characterized by MISL. Let us first define the language of MISL, which extends
the language Ly of the standard modal logic ML in the following manner:

Definition 1 (Language Lwsi). Let P be a countable set of propositional letters. The language
Lmist of MISL is given by the following grammar:

pu=ploploAe| Ol (p=p)e|{(p=p) )y

where p € P. Abbreviations T, L, V and — are as usual, so are the box operators O, [p := ¢|, and
[(p := ¢)*] for the De Morgan duals of ¢, (p:= @), and {(p := ¢)*) respectively.

The readings of basic modal formulas are as usual. The formula (p := ¥)¢ states that after we
replace the truth set of p with the truth set of 1, ¢ is the case. The formula {(p := ¥)*)p states that
there is some n € N such that after we iteratively substitute the truth set of p with that of v for n
times, @ is the case. The truth set of a formula in a model consists of the states where the formula is
true. This can be made precise after we introduce the semantics, and for now, let us first define some
syntactic notions. To distinguish different substitution operators, those (p := ) are termed as simple
substitution operators. However, both (p := ) and ((p := ¥)*) are called substitution operators.
Given a formula (p := 1), the propositional letter p and formula ¢ are the pivot and the scope of
the substitution operator (p := 1)), respectively. For a formula {(p := ¥)*)p, p is the pivot of the
iterative substitution operator, while the scope of operator ((p := 1)*) is the whole formula ((p :=
¥)*)p. Also, we sometimes write (substitution;;substitutions)e for (substitution;)(substitutions)y,
where substitution;(¢ = 1,2) represents a simple or an iterative substitution of form p := % or
(p = )*. Similarly, we write [substitution;;substitutions]e for [substitution;][substitutions]¢. The
notion of subformulas for MISL, written as Sub(y), extends that for the standard modal logic with
the following:

Sub((p := ¥)p) := Sub(¢)) USub(p) U {(p := ¥)p}
Sub({(p := )")) := Sub(¢)) U Sub(p) U {{(p := )" )¢}

As in the case for ML, the formulas of Ly are evaluated in Kripke models M = (W, R, V),
where W is a non-empty set of states, R C W x W is a binary relation, and V : P — 2" is a
valuation function. As usual, for any w € W, (M, w) is a pointed model. For simplicity, we often
write M, w. Moreover, we also write s € M when s € W.

Definition 2 (Semantics). Let M = (W, R, V) be a model and w € W. Truth of MISL-formulas
p at (M,w), written as M, w EmisL @, is given recursively as follows:
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M, wEwsLp & weE V(p)
M,wkEwsL ~¢ < M,wRFwsL ¢
M,wkwsL p1 A2 & M,wkFusL g1 and M,w FpisL @2
M ,wEwsL Op < M,vEmsL ¢ for somev € W s.t. Rwv
M,wEmsL (p:=1v)p & M|p—y,w FmisL ¢
M wEmsL ((p:=Y))p < M\(p::w)n,w EmisL ¢ for somen € N

where M |p.—y = (W, R,V |p.=y) is obtained through model transformation from M and disagrees with
M only on the valuation of p, where V]p.—y(p) = {s € W : M,s EmisL ¥}. For any natural num-
ber n, M|p—ypyn = (W, R, V|(p:izyyn) is obtained by applying model transformations on M, where
V|(pi=y)» (p) is defined in the following inductive manner: where M |p.—y = (W, R,V |p.—y) is ob-
tained through model transformation from M and disagrees with M only on the valuation of p, where
Vip=¢(p) = {s € W : M,s FmisL ¥}. For any natural number n, M|qp.—yyn = (W, R, V|p—yp)n)
is obtained by applying model transformations, n times on M, where V| (,.—y)n (p) is defined in the
following inductive manner:

V=g (p) :=V(p)
V|(p::¢)"+1(17) ={seW: M|(p::1/1)"vs Emist ¥}

Note that the simple substitution operator (p := ) is self-dual, but the iterative substitution
operators are not self-dual, i.e., [(p := ¥)*]¢ + ((p := 9)*)¢ fails in general.

Precisely, for any model M and formula ¢, the truth set of ¢ in M is given by the set {s €
M : M,s EwsL ¢}. Also, notions such as satisfiability, validity and logical consequence are defined
as usual [6]. We note that substitutions are, to some extent, unidirectional: we cannot trace back to
the status of valuations before the substitution after the substitution is carried out. For instance,
(p :=Oq)0q — p is not a validity, and for a counterexample, see Figure [2| taken from [22].

ws 2P, q

Wyt q w3 :p,q

w1

Fig. 2. A model M in which (p := Og¢)0q — p is false at wi. In the model, formula Oq is true everywhere.
So, after the substitution, p is true everywhere, and in particular, (g is still true at w; in the new model.
However, as we can see, w1 does not have the property p in M.

Conventions Many logical systems will be involved in the article. For each logical system, we
will use its name as a subscript of F and L, respectively, to express the satisfaction relation of the
logic and its language: for instance, we wrote Fy s for the satisfaction relation of MISL and Lyys.
for its language.
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Remark 1. The fragment of MISL without iterative substitutions has a complete and sound proof
system, and is equivalently expressive as ML (despite being an extension of ML). Consequently, the
satisfiability problem for this fragment of MISL is decidable. We refer the readers to [22] for details.

2.1 Validities of MISL
The following schemata for simple and iterative substitution operators respectively are valid:
Proposition 1. The following recursion azxioms involving simple substitution operators are valid:
(p:=1)q < q given that p is not q.
(p=v)pv
pi=1)p & ~(p:=1d)p
(p=1) (1 Ap2) < (p=1)e1 A (p:=)ps
(p=1)0p < Op =)y

Proposition 2. The following formulas involving iterative substitution operators are valid:

((p:= 1/))*>q < q, ifq is not p.

(p=))ppVip=21;(p=1v))p
[(p:=)"](p = [( zb)] )< (v [(p =)"1p)
((p:=1))p & -lp=9)p
((p=1)* >(<p1 Ap2) = ((p =) )1 A(p = 1)) p2

(p:=1))0p < Op:=1))¢

Note that the fifth formula is only one-directional. Some patterns above are similar to that of the
recursion axioms in the proof system MSL [22], whereas the others have typical forms for iterative
operations like those in propositional dynamic logic PDL [I0].

2.2 Some useful concepts

Let us now take a closer look at the iterative substitution operators. As stated, an iterative substitu-
tion operator ((p := 1)*) leads to a sequence of transformations of the truth set of p, starting from
the original V(p) given by a model. Generally speaking, the proposition p in {(p := v)*) functions
as both the starting point of the transformation sequence and the pivot of each single-step transfor-
mation (p := ). Intuitively, when v contains p, the occurrences of p in ¢ in the first (p := ¢) of
the sequence can be considered to be free, while those in the later stages can be considered to be
bound. To make this clear, let us first introduce the following:

Definition 3 (Normal Lys -formulas). An MISL-formula is normal if every iterative substitu-
tion (p:=1)* follows immediately after a single-step initialization p := 1.

For instance, (p := L; (p := Op)*)pis a normal formula, while (p := L;q := T; (p := Op)*)pis not.
Given a normal formula, its subformulas might not be normalB In a normal formula, each iterative
substitution is a part of p := tg;(p := ¥)*. Now, we introduce the notions of free occurrences,
free variables, bound occurrences and bound variables in normal formulas, needed for some technical
considerations. To give an example, in formula (p := pV g; (p := Op)*)p, only the second occurrence
of p is considered to be free, while its other occurrences are bound. To make this clear, we define
the notions of free variables and bound variables in a formula:

3 For instance, formula {p := —p; (p := Op)*)p is normal, but {(p := Op)*)p is not.
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Definition 4 (Free variables and bound variables in Lys.). For any ¢ € LysL, an occurrence
of a propositional variable p is a bound occurrence if it is a pivol or appears in the scope of an
iterative substitution operator whose pivot is p. An occurrence of a propositional variable is a free
occurrence if it is not bound. A propositional variable is called a bound variable if it has a bound
occurrence. It is called a free variable if it has a free occurrence. We write bu(p) for the set of bound
variables of ¢, and fuv(p) for the set of free variables of the formula.

With the definition, a propositional variable in a formula can be both free and bound as we
can see in the example before. Usually, it would be easier to consider the formulas in which no
propositional letter is both free and bound:

Definition 5 (Clean Lys -formulas). A formula ¢ € Lyisy is clean if fo(p) Nbu(p) = 0.

We note that it is enough to consider the clean formulas of MISL, since every MISL-formula can
be transformed to an equivalent clean formula:

Fact 1 FEvery MISL-formula is equivalent to a clean formula.

For instance, ((p := Op)*)p is equivalent to {(q := p); (¢ := Oq)*)g. Given a formula of Lysi, to
obtain a desired clean formula, we can first apply the following normalization rule

(p=y))e < (p=p(p=1))p (Normalization)

that transforms any MISL-formula to a normal one, and then apply the two bound variable renaming
rules below to transform every normal MISL-formula to a clean formula:

p =) < (q:=V)plg/p],
(0 :=1o; (p = 1)) > (q = vo; (¢ := ¥1la/p])")ela/p]

—~

(RenamingM|s|_)

where the main connective of ¢ in (p := ¥)p of the first equivalence is not an iterative substitution
operator with p as its pivot, the propositional variable ¢ is a fresh variable in both the rules, and
formula ¢[q/p] is obtained by replacing every free occurrence of the variable p in ¢ with an occurrence
of g, which is defined in the following manner:

Definition 6 (Replacement of variables in a normal formula). For any normal formulas
w0, € LwisL, @[/ p] is defined as follows:

__Jq qis distinct from p
ql/pl == {¢ ¢ isp
(=) /p] == ~(p[Y/p])
(1 A w2)[8/p] == 1[4 /D] A @29 /]
(Op)[¥/p] == Ol /p])

(q:= x[¥/p))(plY/p]) q is different from p

/= {<q —xiWihe iy

(q:=xol/pl; (¢ := xa[¥/p]) ") (el/p]) q is different from p

({q = x0; (a == x1)")@)[¥/p] == {<q = yoltb/p]; (¢ = x1)* ) qisp



8 Yaxin Tu, Sujata Ghosh, Fenrong Liu, and Dazhu Li

where the main connective of ¢ in the first clause is not an iterative substitution operator with q as
1ts pivot.

Remark 2. When saying that an MISL-formula ¢ is clean, we also assume that:

— When ¢ is of the form (p := ¢)x and the main connective of x is not an iterative substitution
operator with p as its pivot, formulas x and v are also clean.
— When ¢ is of the form (p := 11; (p := 12)*)x, all formulas )1, 1) and x are clean.

This can also be achieved by repeated applications of (Renamingpsy)).

Now, we can show that under suitable condition, the principle (p := 1)p < [1p/p] holds in the
framework MISL:

Theorem 1. (p:=)p < ©[v/p] is a validity, if both (p := ) and ¢ are clean formulas.

Proof sketch. Prove by inductiorﬂ on the structure of ¢, and split into cases according to the main
connective of . If the main connective of ¢ is =,V or ¢, the statement follows directly with the
help of the valid schemata in Proposition [I| If the main connective of ¢ is a simple substitution
operator of form (g := ), then the statement follows by induction hypothesis and carefully applying
the replacement definition in Definition @ Lastly, by the constraint of (p := ¢)¢ and ¢ both being
clean, the main connective of ¢ cannot be an iterative substitution operator. This concludes the
proof.

2.3 Example revisited: reasoning hide and seek games

Although we have defined the language of MISL as a direct extension of ML, we note that the
dynamics of iterative substitution can apply to many more variants of modal logics. In this section,
let us informally combine MISL with LHS to describe the winning positions of the hide and seek
game, and establish a connection between backward induction as described in Section [I] and the
corresponding iterative substitution operators. We will abuse certain notations in MISL in this section
to denote the extension of LHS with both simple and iterative substitution operators. One can make
all arguments rigorous by writing down the syntax and semantics of this extension as in the beginning
of Section [2| which we will leave for our readers.

Recall that in the hide and seek game, the winning positions of Hider and Seeker are comple-
mentary. Therefore we focus on discussing the winning positions of Seeker. We start by introducing
several key notions, which are useful for both our proof and the illustration of the advantages of our

approachﬁ

Definition 7 (Ranks of winning positions). Let B = (W, R) be a finite graph for hide and seek
game. For any i € {0,1} and any k € N, we define WinlsC C W x W such that for any s,t € W,
(s,t) € Win& when Seeker has a strategy to win the game Go; = (B, (s,t)) within k rounds, where
(s,t) are the initial positions for Hider and Seeker respectively in game Gs¢. For all 0 < k € N, the
positions in Winlg \Winé*1 are called rank-k winning positions of Seeker, which means that Seeker
has a strategy to win the game G; in exactly k rounds. For the case when k = 0, the rank-0 winning
positions of Seeker are exactly the members of Wing.

' The induction here is not a usual induction on the length of (p := ¥)y, but following a designated
well-founded order < on the clean MISL formulas as shown in Definition 11| (see [22] for proof details).
5 In fact, the notions and inference can be easily generalized to many combinatorial games.



Modelling strategies in hide and seek game: A substitution approach 9

We define Wins := (J, oy Winé, consisting of all finite-rank winning positions of Seeker. When a
node is not a finite-rank winning position of Seeker, it is a winning position of Hider. Now, we are
ready to show that the principle (p :=7Z; (p := [H](S)p)*)p@ involved in Section 1| defines the set:

Proposition 3. Let B = (W, R) be a finite graph for hide and seek game and M be a model
extending B with an arbitrary valuation function. Then, in the model, (p := T; (p := [H|(S)p)¥)p is
true exactly at the nodes in Winlg. More generally, the formula

(p:=7T; (p:= [H{(S)p)")p
captures the set Wing of winning positions of Seeker.

Proof. For convenience, let R[s] = {t : Rst} denote the successors of s € W. Define the functions
[Rln, [R]s : P(W) x P(W) — P(W) x P(W) with their dual functions (R)y and (R)s as

[Rln: X — {(s,t) : R[s] x {t} C X}
(R : X — {(s,t) : R[s] x {t} N X #£ 0}
[Rls : X — {(s,t) : {s} x R[t] C X'}
(R)s: X — {(s,t) : {s} x R[t]N X # 0}

By the rules of hide and seek game, Wind = {(s,s) : s € W}. We note that [R]y and (R)s are
both monotone functions, and that Wing C [R]n o (R)s(Wing). Therefore ([R]n o (R)s)*(Wind) C
([R]no(R)s)? (Wind)) for any natural numbers i < j. For any k € N, the truth set of p in the k-th stage
of the iterative substitution is exactly ([R]y o (R)s)*(Win2), and when k grows the sequence of truth
sets of p is monotone non-decreasing. Now we show by induction that ([R]y o (R)s)*(Win2) = Win&
for all k € N. For k = 0 it holds directly. Suppose ([R]n o (R)s)*(Win) = Winé for all k& € N holds
for all k < n, then by backward induction, one can see that

Win2™ = ([R]u o (R)s)(WinZ) U UWing
= (Bl o (R)s)(Wing) U [ ([Rln o (R)s)' (WinS)
— ([Rluo (R)s)(Wind)
= ([R]n o (R)s)" ™ (Wing)

Therefore, by induction, the truth set of p in the k-th stage of the iterative substitution is exactly
Winé. As a direct consequence, the truth set of (p := Z; (p := [H](S)p)*)p in M is |J, Win& = Wins.
O

It is also instructive to point out that in a finite graph for hide and seek game, Wing can be
expressed by
pp-(ZV ([HI(S)p))
of the the modal p-calculus (ML) [I5I23] extension of LHS. We would like to argue that MISL has the
capacity to analyze the nuances of winning positions’ ranks in greater detail, though this discussion
will be reserved for the following section.

16 This formula belongs to a modal language extending LHS with iterative substitution operators, in the
same way as MISL extends ML. Even though we do not define this extension here, we use this formula as
a place-holder to showcase the connection between substitutions and the hide-and-seek game. We leave
the formal definition for our readers.
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3 Expressiveness and undecidability of MISL

In this section, we explore further properties of MISL, including its expressive power and the de-
cidability of its satisfiability problem. We will show that even though MISL is much more powerful
than ML, truth of MISL-formulas is still invariant under the standard notion of bisimulation for ML
(Section ; meanwhile, the logic will be proved to be highly undecidable: its satisfiability problem
being Y{-complete (Section . Moreover, when we restrict our attention to the very simple class
of finite tree models, the logic is still shown to be undecidable (Section [3.3).

3.1 Bisimulation for MISL

Let us start by considering the expressive power of MISL. Specifically, we will first introduce the
details for the notion of bisimulation for ML, and then show that although MISL is equipped with
additional substitution operators, it is still invariant under the established notion of bisimulation.

Definition 8 (Bisimulation[6]). Let M = (W,R,V) and M' = (W', R', V') be two models and
let s € W and s’ € W'. A non-empty relation Z C W x W' is called a bisimulation between M and
M, if the following are satisfied:

Atom: If sZs', then (M,s) and (M’',s') satisfy the same propositional letters.

Zig: If sZs' and there exists t € W such that Rst, then there exists t' € W' such that R's't’ and tZt'.

Zag: If sZs' and there exists t' € W' such that R's't’, then there exists t € W such that Rst and tZt'.

When there is a bisimulation Z linking states s € M and s’ € M’, we say that (M,s) and

(M',s") are bisimilar, and write (M, s) +> (M, '), or just s <> s’ when the models are clear from
the context.

Theorem 2 (Invariance under bisimulation). If (M,s) <> (M’ s'), then for any ¢ € LwisL,
M, sEwsL ¢ iff M'.s" Fwist ¢

Proof. We follow the proof provided in [22], and prove by induction on formulas . When ¢ is an
ML-formula, it is easy to see that the equivalence holds. We now consider other cases. In what
follows, we write Z for the bisimulation that links (M, s) and (M, s').

(1). Formula ¢ is (p := 1) x. Assume that (¢,¢') € Z. We are going to show that (M |p.—y, t) < (M| p—y, t').
The difference between M |,.—,, and M is only about the truth set of p, and similarly for M I|p::w
and M’. So, we only need to prove that M|,.—y,t and M'\p::,p, t' agree on the propositional vari-
able p. By induction hypothesis, M ,t FEys. ¢ iff M/7t/ Emist ¥. Hence, M|p::w,t Emist p iff
M'|p.—p,t' EmisL p. Therefore, it holds that (M |p.—y,s) > (M'|p.—y,s’). Again, by induction hy-
pothesis, M|.—y, s Emist x iff M'|p.—y, s’ Emist x. Thus, based on the semantics, M, s Emist (p :=
Y)x iff M',s" Emist (p == ¢)x

(2). Formula ¢ is ((p := 9)*)x. Assume that (¢,t') € Z. We show by induction that for all n € N,
it holds that (M |(p=pyn.t) <> (M'|(pzy)n,t’). The base case n = 0 is direct. Also, for the case that
n = 1, we have known from the reasoning in case (1) that (M|p.—y,t) <> (M'|,.—y,t'). For any
n > 2, by induction hypothesis, we have (M| .y, t) & (M/|(p:=w)n7t/). Now, using the reasoning
similar to that in case (1), we can show that (M|(—yyn+1,t) & (M| (pzy)n+1,t'). Therefore, we
have the following sequence:

M,sFEwisL ((p:=v¢))x <« forsomen €N, M|p._y)n,sFmisL X
& for some n € N, M'|(p,:¢)n,s’ EMIsL X
& M, Fuise ((p:=v)")x
This completes the proof. a
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3.2 Satisfiability problem of MISL: Ei-complete

In this part, we prove that the satisfiability problem for MISL is undecidable, by encoding the same
for the iterative modal relativization IMR, whose complexity is known to be X{-complete [17]. E]
Moreover, as we shall see, the logic is undecidable even when we consider certain simple classes of
models, for example, finite tree models. As a warm-up, we first show the following;:

Proposition 4. MISL lacks the finite model property.

Proof. Tt suffices to construct an MISL-formula that can only have infinite models. Consider the
following:
[p:=0OL; (p:= —p A Op)*]0p.
First, the formula is satisfiable. One can check that it is true at the state s in model M depicted
in Figure [3
Next, given a model in which the formula is true, one can see that the truth set of p, obtained at
the n-stage of the iteration, consists of the states of height n, and the formula says that there is no

finite upper bound on the height of the current state. Therefore, any model satisfying the formula
must be infinite, as needed. a

Fig. 3. An infinite model M such that M, s Ems. [p := OL; (p := —p A Op)*|Op

Next we figure out the exact complexity of the satisfiability problem for MISL:

Theorem 3 (Undecidability of MISL). The satisfiability problem for MISL is undecidable and is
X1-complete.

To prove Theorem [3] we show the satisfiability problem for MISL is on the one hand undecidable
and X1-hard, by embedding iterative modal relativization IMR [I7] into MISL, and on the other
hand inside X7, by expressing the satisfiability problem for MISL using a X{-formula. In the sequel
we show the ideas of the proof for both directions, for the detailed proof, see [22].

The satisfiability problem for MISL is ¥]-hard. We’ll construct a translation from IMR to
MISL, which implies that the satisfiability problem for MISL is X{-hard. Here is a quick introduction
to IMR:

Basics of IMR The language Ljyr of IMR extends Ly with the public announcement operators
[t)] and their finitely iterative generalizations [¢)*], and the common knowledge operator [J* (i.e., the
reflexive-transitive closure of OJ).

7 The investigation into relation between MISL and IMR has been suggested in [5].
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To show that IMR can be translated into MISL, let us first prove that the simplest relativization
operator [p] can be mimicked with MISL. To facilitate discussion, let us define a function (-)? on
MISL-formulas such that (¢)? intuitively captures the relativization [p]e. Details are as follows:

Definition 9 (Intermediate relativization). Let p € P be a propositional variable. For any
w € LwisL such that p & bu(p), we define ()P recursively as follows:

(@) ==p—
(@) :=p— (w)p
(1 A p2)? i= (1)" A (p2)?
(Op)? :=p — O(p)?
(g := p1)p2)? == (g := (1)") (p2)”
(((q == 1) )p2)? := (g := (p1)")") (p2)”

In the definition above, the restriction p & bv(y) is used to exclude the situations that p is bounded

by some substitution operators in ¢. The condition is harmless, since with the rule (Renamingpwsy|)
one can always apply bound variable renaming on ¢. The following lemma intuitively states that

(p)P is equivalent to [p]e:

Lemma 1. Let M = (W,R,V) be a model, s € W and p € P. For any ¢ € LwisL such that
p & bu(yp), it holds that

M, sEwsL (9)?  iff sg& WP or M, s FmisL ¢,
where MP = (WP RP VP) is the model obtained by relativizing p in M, i.e.:

- WP:={seW:M,sEwsL p},
— RP:= RN (WP x W?), and
— for any g € P, VP(q) :== V(q) N WP.

The proof of Lemma [l|is done by induction on the structure of (p, which is neglected here. Equipped
with the intermediate translation, we’re ready to show the full translation from IMR to MISL:

Definition 10 (Translation from IMR to MISL). The translation T : Limg — LmisL s given by
the following:

T(p):=p
T(—p) == —T(p)
T(p1 A p2) =T (p1) NT(p2)
T(Oyp) =0T (p)
T(@O¢) = [g:=T(p); (¢ :=Oq)"]q
T([¢]e) := (g := T()(T(p))?
T((W")) = (q:=T;(q:=qg A (TW)))T())*?

where q is a fresh variable.
The following theorem states that the translation defined above preserves formula equivalence:

Theorem 4. For any pointed model (M, s) and any formula ¢ € Limr, we have the following:
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M. sEwmr ¢ iff M, sEws T(p)
where T is the translation given in Definition [10

The proof for Theorem [d]is done by induction on the structure of ¢ € Limr, which is neglected here.
For a detailed proof see [22]. The correct translation from IMR to MISL shows that the satisfiability
problem for MISL is X{-hard.

The satisfiability problem for MISL is X1-complete. It remains to show that the problem is
in X1, which concludes that MISL is Xi-complete. To do so, let us first argue that, informally, one
can enumerate the subformulas of any MISL-formula in finite many steps in parallel such that this set
of formulas admits induction on their structure. In another words, we show there is a well-founded
order on MISL-formulas:

Definition 11 (Order on clean formulas of MISL). We define a binary relation < on clean
LwisL-formulas:

P p, e<<pAhp, <Oy, @lv/p] < (p:=1)p,
(P = 1ho; (p:= P1)")o < (p = Yo; (p := V1)*) e,

where n € N, the fourth clause only works for ¢ whose main connective is not an iterative substitution
operator with p as its pivot (otherwise (p := ) should follow the fifth clause), and the replacement
e[/ p] is defined in Definition @ We use > for the converse of <.

Note that the relation is defined over the clean formulas of Lyysy, rather than the full language.
With the condition used in the clause for (p := 1), one can check that whenever the formula to the
right-hand-side of <« is clean, the formula to the left-hand-side of < is also clean. The restrictive
definition over clean formulas does not cause too much loss, since any MISL-formula is equivalent to
a clean formula.

We state the lemma for the well-founded-ness of the relation <, and neglect the proof by induc-
tion.

Lemma 2. The order < defined in Definition [I1] is well-founded.

Now we proceed to define the evaluation relation that intuitively expresses whether or not a
formula ¢ is true at a pointed model:

Definition 12. Let M = (W, R,V) be a model and Leean be the set of clean MISL-formulas. We
define a binary relation Epny C Leean X W such that:

En(p,s) iff M,sFEmse o
With regard to a model M and its associated Ejps, we can show the following:

Lemma 3. Given a model M = (W, R, V), for all s € W, it holds that V(p) = {s : Ens(p, s)}, and
also, all the following properties hold for Epr and R:

EM(J*7 S
EM(_‘SO»S

En (o1 Ao, s
En(Op, s

—~ L

< = Enm(p,s)

< Enm(p1,8) A En(p2,5)
YVt € W (Rst — Epg(p,t))

— — — —
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En((p == 1), s) < Em(p[y/pl, s)
En((p:=vo; (p = ¥1)")p,5) > In € NEp ({p := vbo; (p :=11)" )@, 5)

where the main connective of the formula ¢ in the clause for Enr({p := V)@, s) is not an iterative
substitution operator with p as its pivot.

This lemma can be proved by induction on formulas in Leean along < (with the help of Theo-
rem |1)). Notice that a formula occurring on the right-hand-side of a condition is ‘less than’ (<) the
formula occurring on the left-hand-side of this condition. Now we are ready to prove that MISL is
in X}

Theorem 5. The satisfiability problem for MISL is in X7 .

Proof sketch. We use the fact that MISL can be treated as a fragment of ML*, since we can define the
translation Ty : Lmis. — LmiLe recursively, who translates the iterative substitution ((p := 11)*)p

To((p == v0; (0 = ¥1)")¢) == V,en To({p := o; (p := ¥1)") )

It is direct from the definition that the translation Ty translates each MISL formula to an equivalent
ML formula. Since the latter has the downward Lowenheim-Skolem property, an Lyys,-formula is
satisfiable iff it is satisfiable w.r.t. countable models M = (w, R, V).

In the sequel, we only need to consider the clean MISL-formulas of Lean, since for an arbi-
trary MISL-formula, we can always recursively transform it into an equivalent clean formula via
. Our method is motivated by [I7]. We show that for any ¢ € Lejean, ¢ is satisfiable
if and only if there exist relations R C w X w and E C Lean X w such that the equivalences in
Lemma 3| hold and that E(p, m) for some m € w. More specifically, we show that the satisfiability
of ¢ is equivalent to the following X'i{-formula () written informally:

JRAFE Vs € w, E and R satisfy all clauses listed in Lemma
w.r.t. any clean formulas appearing in the clauses following the corresponding restriction.

To formally write the formula (%), it should contain the conjunction of the satisfaction of each clause
in Lemma (3] e.g., the satisfaction of the second clause is described by Vx € Lgean (E(—X, )
—FE(x,s)) where —x an abbreviation for the recursive function f- : Lmis. — LwmisL such that f- :
X — —x. The we proceed to argue that the satisfiability of ¢ is equivalent to formula (x).

On the one hand, assume that ¢ is satisfiable. Then, there is a countable model M = (w, R, V)
such that M, m EmisL ¢ for some m € w. Let E be a relation such that E(p, s) iff s € V(p), and for
any X € Leean, (X, s) is defined recursively according to the equivalences in Lemma |3| It can be
proved by induction on formulas along relation < that E agrees with Fps (the evaluation relation
defined in Lemma [3)), and hence E(p, m) holds. Therefore we can find R, E and m that make the
Yl formula (x) true.

On the other hand, when the (x) is true for some R, E and m, we just need to set M = (w, R, V)
where V(p) = {s: E(p, s) holds}. By induction on formulas along the relation <, we can show that
M, m FpmisL ¢ is the case.

To sum up, the satisfiability problem of ¢ is in X}. Therefore MISL is in X}. 0

With Theorems[d] and [ we have Theorem [3|immediately. Let us end this part with the following:

The relation between MISL and IMR We have already shown that the iterative modal relativization
IMR can be translated to MISL (Theorem. Also, since both MISL and IMR are X{-complete, there
is a converse reduction in principle, which we leave for further study.
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3.3 Undecidability of MISL on finite tree models

Having seen that the satisfiability problem for MISL is highly undecidable, in this part we confine
ourselves to the class of finite tree models and show that even on such a simple class of models, the
logic is undecidable. To achieve this, we will make use of the post correspondence problem (PCP),
whose definition is as follows:

Definition 13 (Post correspondence problem). Let X be an alphabet. An instance of the post
correspondence problem over alphabet X is a pair of sequences (U, V') such that U = (uy,ug, ..., Upy) €
(=)™ for some m € N, V = (v1,v2,...,0m) € (X*)™ and the pairs (u1,v1), (2, v2), ..., (Um, Um)
are distinct. The post correspondence problem is to find whether there is a finite sequence of pairs
Wiy, iy), (Wig, Viy), - - oy (wiy, v3,) such that for any 1 < j <1, i; € {1,...,m} and u;, us, ... u;, =
Vi, Vi, - - - V4, which is called a solution to the problem.

We will work with the PCP over the alphabet X = {a,b} with two elements, which is a well-
known undecidable problem [I2]. We prove the undecidability of MISL over finite tree models by
showing the following statement: for any instance of PCP over X, there exists an MISL-formula ¢
such that ¢ is satisfied in a finite tree model if and only if there is a solution to the PCP.

Theorem 6. For any instance (U, V') of the post correspondence problem over alphabet X = {a, b},
there is an MISL-formula (U, V') such that

M, wEmsL ¢(U,V) for some finite tree model M iff (U, V') has a solution.

Proof sketch. We briefly explain how to construct the MISL-formula (U, V'), and refer readers to the
full proof in [22]. Let’s call a sequence of pairs (u;, , vs, ), (Uiy, Viy ), - - - 5 (Ui, V5, ) & length-I configuration
for the post correspondence problem (U, V). Ideally, we’d like the formula ¢(U, V) to express the
following: starting from the empty configuration (length-0), there is a way to iteratively append a
new pair to the current configuration for finitely many times, such that the resulting configuration
is a solution to the post correspondence problem (U, V). An informal way to write down the desired
formula ¢(U, V) is as follows:

©(U, V) := (configuration := empty;

m

(configuration := \/ new configuration obtained by appending (u;,v;))*)
i=1

configuration indicates a solution

Note that from the intuitive construction of ¢ (U, V') above, the iteratively substituted set of configuration
must contain multiple configurations to the PCP, since in each iteration configuration is extended
by all the possible pairs. We resolve this issue by constraining the truth set of configuration to only
contain a single possible configuration, by designing more restrictive formulas. Then one can argue
that on the one hand, ¢(U, V) is satisfiable in some finite tree model M then M can be transformed
to a PCP solution, and on the other hand, if the PCP has a solution that is a finite sequence of
pairs, then it can be transformed to a finite tree model that satisfies (U, V). O

Combined with the fact that PCP over a binary alphabet is undecidable, we conclude that the
satisfiability problem for MISL on finite tree models is undecidable. We leave the exact complexity
of the satisfiability problem for MISL over finite trees as an open problem.

Remark 3. We would also like to identify a decidable fragment of MISL or some of its variants, given
that the logic is highly undecidable. We have already ruled out certain approaches, e.g., restricting
the logic to finite tree models. We leave this for the future.
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Model-checking problem of MISL Before ending the discussion on various properties of the logic
MISL, we note that the model-checking problem for MISL has not been explored here. It can be
shown that the problem is decidable, but we do not go into the details. The complexity of the said
problem is left for further study.

4 On relations between MISL and other relevant logics

In Section we have shown that MISL can be used to reason about the winning positions for
players, and in particular, given a hide and seek game, the formula (p := Z;(p := p V [H](S)p)*)p
captures the winning positions Wing of Seeker. However, as mentioned, this can also be defined
with an extension of pML. So, what is the advantage of proposing another logic, viz. MISL? This
question motivates us to explore the connections between MISL and other logical systems involving
iterative computation, including uML, the propositional dynamic logic PDL [10], iterative modal
relativization IMR and logic for the inflationary fixed-point MIC [7]. We skip the discussion concerning
the connection between our framework and IMR and refer the readers to the previous section.

4.1 Relation between MISL and pML
We begin with the connections between MISL and puML. First of all, let us note the following;:

Remark 4. Since MISL only allows finite steps of iteration, for simplicity, in what follows we only
consider the fragment of ML where the fixed point of every formula can be reached by a finite
sequence of approximation, although in general uML admits fixed point reached by ordinal sequences
of approximation as well.

As mentioned, MISL is capable of reasoning about the ranks of winning positions (cf. Deﬁnition.
For instance, consider the formula for the hide and seek game

{p:=T; (p:= [H(S)p)") ((S)p A (S) (=p A [HI(S)p))

saying that at the current position (s,t), Seeker can move to two positions ¢; and t5 such that (s, ;)
and (s, t9) are winning positions for Seeker but of different ranks. In Figure |1} the pairs of positions
(b, ¢) is a rank-1 winning position for Seeker, (a,b), (a,c) are of rank 2, and (b, b) satisfies the above
formula.

However, the property described by the above formula cannot be defined by uML. To actually
show the separation that MISL Z uML (see [22]), we show that the formula (p := OL;(p :=pV
O0p)*) (Op A O(—p AOOp)) cannot be defined by uML, which describes the property saying that the
current state has two neighbours that are winning positions for the ¢-player but of different ranks,
on a finite board gamﬂ This is the same property as we described above in the hide and seek
game. One can easily convert the separation between MISL € uML to the statement saying LHS
with iterative substitution is not a fragment of LHS extended with modal p-calculus.

The proof is done by showing that (p := OL;(p := p Vv O0p)*)(Op A O(—p A OOp)) can define
irregular languages, while uML cannot since uML can be embedded in monadic second order logic
(MSO) which only defines the set of regular languages.

On the other hand, recall that to calculate the least fixed-point of a monotone function in uML,
one starts with L and computes the approximation sequence. As mentioned in [5], if the least fixed

18 The finite board game is defined as a game on a board with finite states and edges between states, where
two players move a single token from state to state in turn, and either player wins if the other player
cannot make a move. See [22] for more details.
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point of ¢ can be reached by a finite sequence of approximation, then the pML-formula pp.p is
equivalent to

(p:=1;(p:= )M
Therefore we have the following as a corollary:

Corollary 1. The fragment of uML where the fized point of every formula can be reached by a finite
sequence of approximation is strictly contained in MISL.

4.2 Relation between MISL and PDL

Let us turn to another logical framework, PDL, involving finite steps of iteration. It is well known
that PDL can be viewed as a continuous fragment of uML, and thus, PDL can be embedded into MISL
by simply applying the embedding of uML in MISL mentioned in the previous section. Nevertheless,
we present a direct embedding from PDL into MISL in this section, for a better understanding of
the similarity between the two logics. Since the language Lpp. may contain more than one primitive
programs (e.g., A = {a,b,...}), we also add the corresponding modalities (a), (b), ... to the language
of MISL and write Lysi(a) and MISL(A) for the resulting language and logic respectively. We now
show that PDL can be embedded into MISL(A):

Theorem 7. There exists a translation T : LppL — LmisL(a) such that for any PDL-formula ¢, it
holds that

M,sFppLy iff M,sFwsia) T(9)-
where M is a model containing relations R. with ¢ € A.

Proof sketch. A desired translation T" keeps propositional variables the same, permutes with Boolean
connectives and the modalities {(a) for primitive programs, and

T((m1;m2)p) = T((m1)(m2)p)
T((m Uma)p) :==T({m1)p) VT ({m2)p)
T((7*)p) == (q:=T(p); (¢ :=T(m)q))")q

where 7y; 7o, m U Ty, and 7 are complex programs, and ¢ is a fresh variable. We leave the proof
for the correctness of the translation to the reader. O

4.3 Relation between MISL and MIC

We have discussed about the relation between MISL and puML in that MISL can represent the least
fixed-point of monotone functions computed by finite approximation sequences. In general, when
only finite approximation sequences are allowed, MISL is capable of describing many types of fixed-
points. E Another example is the inflationary fixed-point, whose extension over ML is the modal

19 1t is important to emphasize that we have this equivalence with the convention that in ML only finite
sequences of approximation are allowed (Remark [4). And, we do not have the equivalence when ordinal
sequences are allowed in yML: for instance, up.Op is true (M, s) depicted in Figurewhile (p:=1L;(p:=
Op)*)p is false there.

20 Without the restriction imposed in the corollary, ML is not contained in MISL (see [22] for details).

21 A similar point has been made in [5], where MISL is introduced to encode a modal fixed-point formula.
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iterated calculus (MIC) [1]. Syntactically, MIC extends ML with the operator (ifp X; : S) where S is
a system of rules w.r.t. variables X1, X, ..., X} and MIC-formulas @1, @, ..., ¢k:

X1+ @1

Xo
S .= 2 ®2

Xi < ¢k

The system S defines the (ordinal-length) approximation sequence via inflationary induction. The
truth set of (ifp X; : S) is the i-th coordinate in the inflationary fixed-point reached by the infla-
tionary induction defined by S starting from the original mode. If S only contains one line of form
X « ¢, then we write (ifp X : X «+ ) for simplicity. The fragment of MIC without simultaneous
inductions (i.e., with only one-line systems) is called 1MIC.

We claim that when only finite sequences of inflationary inductions are allowed, IMIC is strictly
contained in MISL. This is because on the one hand, when only finite sequences of inflationary
inductions are allowed, the inflationary fixed-point (ifp X : X < ¢) can be computed by (X :=
1; (X := XV)*) X, and therefore MIC C MISL. On the other hand, [7] showed that the MIC-formula

ifpY : X « 00X

(%)
Y+ X ADOX

is not equivalent to any 1MIC formula, even when restricted to finite models. However, on finite
models, formula () is equivalent to the MISL formula (X := L1; (X := 0O0X)*)(—~X A OX), which
consequently is not equivalent to any 1MIC formula. Therefore when only finite sequences of infla-
tionary inductions are allowed, 1MIC is strictly a smaller segment of MISL.

We leave it an open problem to discover where is MISL in the hierarchy of MIC consisting of all
kMIC’s, where kMIC is the fragment of MIC that only allows systems of no more than k lines. E

We have seen a number of expressive languages that can be encoded within MISLE which agrees
with the high complexity of the framework presented in the previous section.

5 Conclusion

Summary In this chapter we develop a logical framework containing iterative substitutions as
modal operators that update valuation of propositional variables. That provides a way to deal with
winning strategies in hide and seek games. We develop various validities to show how those operators
work and analyze its applications to crucial notions in games. Besides, we explore suitable criteria to
measure the expressiveness of the logics and study the computational behavior of both MISL and its
restriction to the class of finite tree models. Moreover, we compare MISL with many other important
logics that share a similar iterative feature, including the modal p-calculus, the propositional dynamic
logic PDL, the iterative modal relativization IMR and the inflationary fixed-point logic MIC, which
also illustrates advantages of our logic.

Further directions Let us end by a few directions that are worth pursuing in future. Several
open problems have been identified along the way, including relations between MISL and other rele-
vant logics. In addition to the logic frameworks mentioned here, it is crucial to recognize that there

22 In fact, the separation among this hierarchy is left open in 7.
23 Moreover, the undecidable framework iterative modal relativization IMR [I7] can also be encoded within

MISL (see Definition .
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are many important logics that have the iterative reasoning concepts, including the fixed-point logics
we mentioned and the modal logic of oscillations [4]. Some of them can also be translated into MISL
or its further extensions, but the precise connections remain to be determined. Also, the explorations
in the article have a model-theoretic approach, and it is important to study the logical proposals
from a proof-theoretic perspective as well, e.g., sequent calculi. Finally, going beyond the current
framework, it is also meaningful to allow ordinal sequences of iteration and study the iteration of
the combined simple substitutions like ((p := 1;q = x)*)¢p, to make the logics applicable in broader
scenarios.
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