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Abstract

The cops and robber game is a well-studied model for inves-
tigating pursuit-evasion phenomena, among many others. Al-
though many variants of this game have been studied in the
literature, the epistemic assumptions underlying their game
designs are often left implicit. In this work, we focus on the
imperfect information version of the game and re-examine it
from an epistemic perspective to explore the levels of player
knowledge that are essential for playing the game. To facili-
tate our investigations on these knowledge levels, we discuss
two kinds of strategies for the players, history-based and po-
sitional, and show what matters in this context. Our study
eventually sheds light on the implicit assumptions prevalent
in the existing literature in terms of player knowledge while
playing the game, and provides a foundation for further stud-
ies on epistemically informed game structures.

1 Introduction

The cops and robber game is a well-known model for search
missions and pursuit-evasion environments. It is indepen-
dently introduced by Nowakowski and Winkler| (1983) and
Quillot] (1978), and has become an important testbed for
studying algorithms and computational complexity, with
deep roots in computer science. The game is played on a
graph by a robber and one or more cops. In each round, the
players move along the edges of the graph. The goal of the
cops is to move to the same node as the robber, while the
robber aims to avoid the cops. So far, many variants of the
game have been developed, including both perfect and im-
perfect information versions of the game. See (Bonato and
Nowakowski, [201 1)) for an extensive survey.

In this work, we will focus on the imperfect information
version of the game. More specifically, the cops and the rob-
ber in our game may not know each other’s positions as they
move on the game graph, with the cops trying to figure out
where the robber is. Moreover, we assume that the players
have observational ability as follows: players can see each
other (so they know each other’s positions) if they are at the
same position or their positions are connected by an edge of
the graph (that is, their distance is no more than 1). This is
called 1-sight ability (also known as 1-visibility), and is pro-
posed by |Tang| (2004)). Limited sight abilities have also been
explored in (Tosicl [1985; (Clarke et al., |2020) considering
players having k-sight ability with k& > 0.

In contrast to the aforementioned articles that focus on
the algorithmic and computational features of the variants,
our purpose is to examine some fundamental principles of
the game structure from both epistemic and game-theoretic
perspectives. We are motivated by the existing variants of
the cops and robber game (Bonato and Nowakowski, [201 1)).
To the best of our knowledge, there is no adequate expla-
nation for why they are designed in such a way rather than
following other natural alternatives. For instance, there are
different approaches to the notion of strategy in the field
of game theory, including history-based strategies and posi-
tional strategies the existing literature only considers po-
sitional strategies of cops and robber. Another common
feature is that the notion of knowledge, when discussed,
is restricted to first-order knowledge (that is, the knowl-
edge about each other’s positions), and higher-order knowl-
edge (that is, the knowledge about each other’s knowledge)
of players is ignored In what follows, we analyze these
choices in the game structures and provide justifications for
the same. The term ‘factual knowledge’ basically refers to
first-order knowledge mentioned above, constituting play-
ers’ knowledge at the current stage of the game.

To facilitate our understanding of these aspects, let us first
provide an intuitive explanation of the game that is played
on a finite graph in which every node can reach at least one
node along an edge. We are not considering any dead-ends
just for the sake of brevity. We also assume that there are two
cops x1,zo (females) and one robber y (male) - the analy-
sis and results presented here can easily be generalized to a
setting with multiple cops. The players are located at some
nodes on the graph. In each round, cops move first simul-
taneously along the edges and then the robber moves. We

ntuitively, a strategy is a function that tells a player how to act
whenever its her turn to act. A history-based strategy is defined on
the class of histories of play of a game, while a positional strategy
only depends on the current position of the player in the game. We
will provide formal definitions at a later stage.

>The two aspects involving strategy and knowledge are also
common features of perfect-information variants. Regarding
knowledge, they typically assume that players know each other’s
positions; however, there are no explicit discussions of the higher-
order knowledge (Nowakowski and Winkler, [1983; Bonato and
Nowakowski, 2011). Our study makes sense for those perfect in-
formation games as well.



assume that a player z € {1, 29, y} always knows his/her
position and has 1-sight observational power. The two cops
have an understanding with each other, in that they fully ex-
change their knowledge about their own positions and the
position of the robber: for instance, if 27 knows that y is
at s or so, and x, knows that y is at so or ss, then they
know that y is at so (after communication). The knowledge
shared by the two cops is called distributed knowledge, we
will discuss the notion at a later stage. However, we note
that the two cops might not know each other’s positions be-
fore they exchange knowledge. To distinguish between the
individual knowledge and the distributed knowledge of the
cops, we will called the latter the team knowledge of cops (or
simply team knowledge). We say that the cops team knows
that ¢ when ¢ is their team knowledge. The goal of cops is
to (distributively) know where the robber is - equivalently,
to convert the robber’s position into their team knowledge -
while the robber tries to avoid that. Here is an example.

Example 1. In the graph below, players x1,x2 and y are
at s1, s4 and sz, respectively. In what follows, we will use
triples of nodes for the positions of x1, xo and y (in this or-
der), and so now we have (s1, 84, 7).
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o We first consider the knowledge of the two cops:

Cop x knows that she is at s,. Based on the 1-sight abil-
ity, she can see that x5 and y are not at sg, S1 or So, and
thinks all other nodes are possible to be their positions.

Similarly, xo knows that her own position is s4. Moreover,
she knows that x©1 and y are not at sg, s4 or S, and thinks
all other nodes are possible to be their positions.

Therefore, after exchanging their knowledge with each
other, the cops team knows that their own positions are s,
and s4 and that y is at some node of {ss, sg, S7, Ss, S9 }-

o Next, the knowledge of the robber y is as follows:

He knows where he is, i.e., s7. Based on the observational
power, he knows that neither x1 nor s is at Sg, S7 Or Ss,
but cannot rule out other possibilities.

Now let the game begin.

e Assume that the cops move to the left simultaneously.
Based on the 1-sight ability, the movement makes them
know more: the cops team knows that y is not at ss or sg,
and that y is at some node of {s7, $g, S9 }.

Now y knows that neither x1 nor xo is at Sg, S7,Sg OF
S9. he can see sy, s7 and sg directly; and sg9 can only
be reached from sg, but before the movement, y knew that
cops were not there, so after the movement, y knows that
neither x1 nor xs is at sg. Thus y knows that the cops are
at some nodes of {s1, s2, 3, S4, S5, S6 }-

e Next, let y move to sg. After the first round, their positions
are (83, S5, Sg)-

o Assume that in the subsequent stages the robber always
moves between sg and sg. The cops then have a strategy

ensuring their win: they just need to move to the right,
and at some stage they would get to know where y is.

Outline of the paper. Section [2| presents the formal de-
tails for the game, and explores its basic properties. Section
Bdevelops two notions of strategies, history-based and posi-
tional, and proves that they are equivalent with respect to the
existence of winning strategies. In Section [ we introduce
the game with higher-order knowledge. Section [5]explores
the corresponding notions of history-based strategy and the
positional strategy, shows their equivalence, and proves that
the second-order knowledge does not matter. Finally, we
conclude with some further directions in Section [6]

2 Preliminaries

Let us first focus on a formal presentation of the cops and
robber game that is explored in the article. The designs uses
the notion of distributed knowledge (of the cops) as a prim-
itive, which intuitively means the knowledge of the play-
ers that is obtained after sharing their individual knowledge
with each other. This usage of the notion is different from
the ordinary approach in the literature (van Benthem, 2011}
van Ditmarsch, van der Hoek, and Kooil 2008}; [Fagin et al.,
19935)), which uses the knowledge of individual players as
a primitive and regards distributed knowledge as a derived
notion. One can also develop a design for the game with
individual knowledge as a primitive notion and show that
the two representations are equivalent, which would be use-
ful in indicating that the notion used by us does capture the
distributed knowledge in the standard sense. However, com-
pared with the individual knowledge of cops, only their dis-
tributed knowledge is crucial for the game; therefore, our
design that represents only distributed knowledge is a more
direct and succinct representation of the key information.

As stated in Section [T} we consider the setting with two
cops x1, x2 (females) and a robber y (male), and the analysis
and results developed can easily be generalized to the case
with multiple cops. We write Var for the set {1, x2,y} of
players, C for {z1, 22} and R for {y}.

The game is played on a graph, called a game board, de-
fined in the following manner:

Definition 2. A game board is a tuple (D, R), where D is a
non-empty finite set of nodes (also called positions or states)
and R C D x D is a serial binary relation, that is, for any
s € D, thereist € D with (s,t) € R.

As stated, players are assumed to have the 1-sight obser-
vational power: a player z can see the players who are at the
same position as z or at positions that can be reached in one
step via R or the converse of R. For any s € D, we define

S(s) :={stu{teD| (s,t) e Ror(t,s) € R},
describing the observable region of a player located at s. We
call o € DV?" asituation (or assignment) of the game, which
characterizes the positions of the players: for instance, when
o(x1) = s1, o(xe) = s4 and o(y) = s7, o describes the
initial situation in Example([I] As the case in the example, we
often use triples of nodes (e.g., (s1, $4, $7)) for assignments.

Definition 3. A cops and robber game is a tuple G =
(D,R,1I), where (D,R) is a game board, and 11 =



{2c, ¥R} consists of the information states ¥c C DV*" of
the cops team and g C DVer of the robber such that

(G1) For any 01,09 € Ygand any z € Var, if 01(z) €
S(o1(y)), then o3(2) = o1(2).

[>R consists of those o € DV that are considered to be
possible by the robber y. When z is y, o(z) € S(o(y))
holds for any o, and then the clause ensures that y has
the same position in all situations of ¥r, meaning that y
always knows where y is. When z is a cop, if z is in the
sight of y in some o1 € YR, then z has the same position
in all possible situations: intuitively, every player knows
whether another player is in the sight (so is y), and once
y considers such a o1 to be possible, y knows where z is.]

(G2) Forany 01,09 € 3¢ and any x € {x1, x5}, it holds
that o1(z) = o2(x) and that if 01(y) € S(o1(x)) or
og(y) € S(O’Q(CE)), then o1 = o9.

[Yc represents the team knowledge (i.e., distributed
knowledge) of the cops. The first part ensures that the
cops team knows the positions of the cops. The only un-
certainty of the cops team is about the position of y, and
as described by the second part, once a cop can see y, the
cops team knows the actual situation. |

(G3) Tc N IR # 0.
[There is at least one situation that is considered to be
possible by both the cops team and the robber. |

What the information states show is the first-order knowl-
edge of the players (i.e., their knowledge about each other’s
positions), but not higher-order knowledge (i.e., the knowl-
edge about each other’s knowledge). At a later stage, we will
discuss the latter notion. For now, we consider an example.

Example 4. We present the initial information states $¢ and
Yk for the game described in Example

According to the previous analysis, the information state
¢ of cops team is {o3,06,07,08,09}, where for any i €
{3,6,7,8,9}, 0i(z1) = s1, 0i(x2) = s4 and o;(y) = s;.
Any cop has the same positions in different situations of 3¢,
and this means that the positions of the cops are their team
knowledge: although they are not in the sight of each other,
knowing each other’s positions can be seen as an outcome of
their exchange of information. Another outcome is that the
cops team considers a node to be a possible position of the
robber y only if the node is not observed by either of them.

Moreover, neither x1 nor x is in the observational region
{50, 87, 88} of y from s7, and from his perspective, the rest of
the nodes are possible positions of the cops. Also, y knows
where he is. Thus the robber’s knowledge can be character-
ized by the information state Yk := {0 € DV | o(y) =
s7and o(x) & {so, s7,ss} for any x € C}.

At first glance, the definition above does not give informa-
tion about the actual positions of the players, but in effect,
they are provided in an implicit but precise way. To make
this clear, let us consider (G3), and we have the following:

Proposition 5. In a cops and robber game, the following
statements are equivalent:

(Z) YcNXR ?é ]
(13) Xc NXR is a singleton set.

Proof. The direction from (i4) to (¢) is trivial. For the con-
verse, suppose that there are distinct 0,0’ € Yc N Xg.
Then, there exists at least one variable z € Var such that
o(z) # o’ (z). However, when z is y, it contradicts the con-
dition (G1), and when z € {x1,2z2}, it contradicts (G2).
Thus, ¥c N YR is a singleton set, as needed. O

Given a game (D, R, IT), the unique element of () II (i.e.,
¢ N XR) would give us exact information about the actual
positions of the players, which represents the actual situation
of the game. Clause (G3) ensures that no player ignores the
actual situation. To highlight the actual positions, we would
often write (D, R, II, o), where o € () II.

Let us now describe how a game runs. For this, we need
to define the actions of the players. Movements of players
may change not only the positions of the players who move,
but also the information states. To describe the changes of
positions, let us consider the relations MY among situations:
for any non-empty V' C Var and any o, 0’ € DVer,

MVoo' iff foranyz € V, (0(z),0'(2)) € R, and
forany 2’ € V, o(2) = o'(2).

So, when MY ¢”, the positions of z € V in situation ¢’ are
R-successors of the positions of the same in o, while the
positions of z ¢ V remain unchanged. This describes the
changes in positions after simultaneous movement of mem-
bers of V' P| To capture how the information states are af-
fected by movements, given a set > C DV of situations
and a set V' of variables, we define the following notion:

MY (X)) := {0/ € DV*" | thereisa o € ¥ s.t. MV 00"}
For brevity, when ¥ is a singleton set {o'}, we write MY (o).
For any £, MV(2) = U,z MY (o).

Now we introduce the notion of actions of the players:
Definition 6. Let G = (D, R, 11, 01) be a game and * €
{C,R}. An action (or movement) of x from G, updates the
game into a new game Go = (D, R, Ils, 05), where

(Actl) 09 € M*(O'l)
[Player(s) x can only move along R, so the new actual
situation must be an M*-successor of the previous o1.]
(Act2) The new information state ¥, € Il of the robber
consists of those 0 € M*(XR) such that for any z € Var:

o Ifoa(z) € S(02(y)), then o(z) = 02(2).

o Ifoa(z) & S(02(y)), then o(2) & S(o(y)).

[Given the new actual situation, whether a player z is in

the sight of y is determined. If y can see z directly, then y

knows the position of z; otherwise y considers a situation
possible only if z in that situation is not in the sight of y.]

(Act3) The new information state X € Ily of the cops
team consists of the situations o € M*(X¢) such that
e Foranyx € C, o(x) = oa(x).
(] IfO'Q(y) S S(O’g(l‘l)) @] S(O’Q(l‘g)), then o = os.
o Ifoa(y) & S(o2(x1)) U S(o2(x2)), then it holds that
o(y) € S(o(21)) US(a(22)).

3When V is singleton set {2}, it means that after the movement
of 2z, o becomes o”.



[The new 3¢ still aims to capture the distributed knowl-
edge of the cops. Since every player always knows her/his
own position, the positions of the cops given by the situa-
tions in ¢ are always the same as those given by the new
actual situation oo. Moreover, similar to the case of Xy,
given oo, whether y is in the sight of a cop is determined. ]

What the new information states are depends on the new
actual situation after the action (as well as the information
states before the action). For example, when it is the turn of
cops, what they need to do is just move to the successors of
their own positions, and then the new information states will
be formed automatically according to (Act2) and (Act3);
we note that movements to different positions may lead to
different information states for all players.

Example 7. Recall that Example [d| has identified the initial
information states St and S of the game given by Example
[1] We show how the information states are updated after 1
and x5 move from sy and s4 to so and ss, respectively.

We use o4 for the new situation after the movements, i.e.,
o9 = (82, 85, 87). According to the analysis in Example
the new information state 2(2: of the cops team consists of

03 = (82,585,57), 0a = (82,85, 88) and o, = (52, 85, S9),
and the new information state X% of the robber is as follows:
{oij [1<4,j <6,045(z1) = 55,005 (x2) = 85, 005(y) = s7}.
For any « € {C,R}, 02 € ¥2 C MY(2!). ¥2 and Y2
can be obtained by the calculation described by (Act2) and
(Act3) respectively, which picks out from M¢(X}) the situa-
tions that are ‘consistent with’ the sight of x from the new po-
sition in oo. For instance, although (s, s5,53) € MS(2Y),
E% does not contain it, since the situation is such a case that

a cop can see the robber while o5 is not such a case.

Remark 8. Let us spell out the underlying assumptions im-
plicitly taken by the definition for actions.

e According to Definition [6] when a player z moves, not
only is the information state of z updated, but also are
those of other players. This indicates that players know
that whose turn it is to actﬂ although other players may
not know the origin and the destination of the moves.

e As described by (Act2) and (Act3), when z moves, all
other players update their own information states, by re-
placing the positions of z considered to be possible by
them before the movement with the successors of those
positions. To achieve this, all players should know the
structure of the game board.

e After an action, the new information states are determined
by the new actual situation and the information states be-
fore the action. The latter requires that they cannot forget
what are considered to be possible before the action.

It is important to point out that the G5 above, resulting
from the implementation of an action on Gy, is well defined:

Proposition 9. Let G, = (D, R, 113, 01) be a cops and rob-
ber game, x € {C,R} and oo € M*(01). Then, Gy =
(D, R, I, = {32,332}, 02) is well defined, where 1l is
given by (Act2) and (Act3). Moreover, {02} = () Ila.

“This is a common assumption of ordinary turn-based games,
which is often referred to as synchronicity (see e.g.,[Halpern, 2007).

Proof. (1) We start by showing that G5 is well defined. Let
us first consider (G3). By Definition [6] given a fixed situ-
ation oo € M*(04), for the associated Iy, it is always the
case that o9 € [ II5. So the condition is satisfied.

Next, we move to (G1). Let 0,0’ € X2 and z € Var s.t.
o(z) € S(o(y)). For the new actual situation o3, according
to (Act2), we have o3(z) € S(02(y)) and o(z) = o2(z).
Using again the clause, we get o’/ (2) = 02(2) = o(2).

Finally, we prove that (G2) is satisfied. Let 0,0’ € 2
and z € C. By the first sub-clause of (Act3), o(x) = o’(x).
Moreover, let o(y) € S(o(z)). Then, by the second sub-
clause of the condition, it holds that ¢ = o/ = o5.

(2) As stated, o2 € (IIa, so (12 # 0. Since both
(G1) and (G2) are satisfied, it follows from Proposition
that {oo} = () Il2, as desired. O

3 Strategies

We now proceed to define the notion of strategies for the
game. There are two widely used approaches to the no-
tion: on the basis of (i) the full history of the game play
(called history-based strategy), and (ii) the current stages of
the game play (called positional strategy). We develop the
corresponding notions for the cops and robber game, and
prove that they are equivalent in this case regarding the exis-
tence of winning strategies. Let us begin with the following:

Definition 10. Given a game G = (D, R, 111, 01), a run of
the game is an infinite sequence of pairs (o, ) consisting of
a situation and a set of information states of the players:

(Ulanl)a (027H2)7 ey (O'm,Hm), e
such that

(Runl) For each odd number i > 1 such that £ € 11, is
not a singleton set, (D, R, 11,1, 0,41) is a game updated
Sfrom (D, R,11;, 0;) by an action of the cops.

(Run2) For each even number i > 1 such that ¢ € 11, is
not a singleton set, (D, R, I1; 11, 0;41) is a game updated
Sfrom (D, R,11;, 0;) by an action of the robber.

(Run3) When St € 11, is a singleton set (i.e., {0;}) for
some i € N, (0;,11;) = (0;,IL;) for all j > i.

Given a run, cops win ifEiC = {0y} for some i € N;
otherwise, robber wins.

Conditions (Run1) and (Run2) indicate that (before the
cops team wins) the cops and the robber take turns to act and
that cops act first. (Run3) means that when the cops team
knows robber’s position, no further actions can be taken.

Given a game, for any » € {C, R}, by saying that the in-
formation state Y, is determined by the sight of x, we mean
that X, is given by the 1-sight observational power of x from
the position(s) in the actual situation. For instance, when the
robber is in the sight of a cop, the information state of the
cops team is a singleton set given by the actual situation, and
when he is not in the sight of any cop, the team considers
all unobservable nodes to be a possible position for robber.
Moreover, by saying an initial game, we mean that X¢ and
3r are determined by the sight of C and R, respectively.



Given an initial game G = (D,R,II = {3, ¥R}, 0),
players’ uncertainty indicates that they may not know which
game they will play: for instance, given a ¢’ € Y that is
distinct from o, the cops team thinks it is possible that the
game they are playing is G’ = (D, R, {Xc, & }, o), where
»¢" is determined by the sight of the robber from ¢’ (y).
Definition 11. Ler G = (D,R,II = {X¢, ¥R}, 0) be an
initial game.

We use (Gg for the games considered to be possible by the
cops team, i.e., {G' = (D,R,II' = {¥¢, 27 },0") | o’ €
Yc, and Egl is determined by the sight of y from o’ (y) }.

We use Gg for the games considered to be possible by
the robber, i.e., {G' = (D,R,II" = {¥Z ,Sr},0') | o’ €
YR, and Egl is determined by the sight of cops from ¢'(x1)
and o' (z2) }.

One can check that all games in Gg UG% are well defined.

3.1 Positional strategies

We start by discussing the positional strategies for the game,
which only depend on the current situations and information
states of the players. Formally, the details are as follows:

Definition 12. Let G = (D, R, 11, 01) be a game, and let
P={(0,II) | 0 € NI, and 11 satisfies (G1) and (G2)}.

A positional strategy for the cops team is a function f :
P — P such that

(PS1) f(o,II) = (o/,I1') only if Xc € Il is not a single-
ton set, o' € M“(c), and Il is the class of information
states from the game (D, R, 1, ¢') obtained by updating
(D, R, 11, o) with the movement of cops from o(x1) and
o(x2) to, respectively, o'(x1) and o’ (x2).

(PS2) For any pairs (04, 11,), (03, 1), (0, IL.), (04, 1)
from P, when X¢ € 11, and ¢ € 11, are the same,
f(Uav Ha) = (Uba Hb) and f(Uc; Hc) = (Ud, Hd)’ it holds
that op(x) = o4(x) for any x € C.

Similarly, a positional strategy for the robber is also a
function g : P — P such that

(PS3) g(o,11) = (o', 1) only if X¢ € Il is not a single-
ton set, ' € MR(c), and 11 is the class of information
states from the game (D, R, 1, ¢') obtained by updating
(D, R, 11, o) with the movement of y from o (y) to o’ (y).

(PS4) For any pairs (04,11,,), (o, 1), (0¢, I1..), (04, Ig)
from P, when X5 € Il, and ¥§ € 1l. are the same,
g(Uaa Ha) = (Obv Hb) andg(aca Hc) = (Uda Hd)’ it holds
that oy (y) = o4(y).

Informally, a positional strategy for the cops team is a
function telling them where they move to. Similarly for a po-
sitional strategy for the robber. Clauses (PS1) and (PS3) in-
dicate that actions can be taken only when cops have not won
yet, and ensure that actions taken according to a strategy are
well defined. By (PS2) and (PS4), if the positions and in-
formation states of the players in (o, II,) and (o, IT;) are
the same, then starting from (o, I1,) and (o}, I1}) they can
move only to the same positions. This illustrates that strate-
gies depend on the information available to the players.

Example 13. The movement patterns described in Example
[{]can be formally represented as positional strategies for the
players. Let us consider another example as depicted below:

S1 MSQ S3 Q(—S S4
Yy

1 T2

We write o1 for this initial situation (s1, 2, $3). Also, the
initial information states 11, = {S¢, X5} are as follows:

Eé = {(817 52, 53)7 (Sla 52, 54)})
Z'IR = {(817 51, 83)7 (517 52, 83)7 (827 S1, 83)7 (827 52, 83)}
Assume that cops always travel between s, and sa. After

the movement of cops, the new situation is oo = (sa, 51, S3).
The new information states are

E%:{(82751,53),(32,31,34)} and Y3 =Yk

Suppose that y acts based on a strategy g, and he stays at

node ss. After this, the situation is o5 = (s2, $1, $3), and
Z:é = Zé and Z:é = E%{.

Then, cops still act according to the strategy. After their
movement, the actual situation is 04 = o1, and the informa-
tion states are E‘é = Z}: and E‘é = E,lQ. Now, is it possible
that y moves to s4 according to g? The answer is negative:
although (09,1ls) # (04,114), since o2(y) = o4(y) and
Y2 = Xk, by (PS4) player y can only stay at ss.

Let us introduce the corresponding notion of positional

winning strategy, which is a strategy that can ensure the win-
ning of the players regardless of their uncertainty:

Definition 14. Ler G be an initial game. A positional win-
ning strategy for the cops team is a strategy s.t. when they
follow it, they can win all runs of the games in (Gg. A posi-
tional winning strategy for the robber is a strategy s.t. when

. . . G
he follows it, he can win all runs of the games in Gg.

For illustration, the strategy for the cops team described
in Example [T] can be seen as a positional winning strategy

for the team, and any positional strategy for the robber in
Example[I3]is a winning strategy for him.

3.2 History-based strategies

Next, we explore history-based strategies. Intuitively, a his-
tory records what has happened in the game play, and it is a
finite initial fragment of a run such that the cops team does
not win or just wins at the last pair (o, X) of the sequence.

Given a game G, we use 7—[% for the class of histories
whose first pair is given by some game from G¢, (HZ )%
for the histories of 7—[% with odd lengths (so cops need to
act), and (HZ)®"" for those of HJ with even lengths (so the
robber needs to act). Similar, we use ’Hg for the class of
histories whose first pair is given by some game from G¥,
and use (Hg)°% and (H{ )" for the histories of g with,
respectively, odd lengths and even lengths.

Definition 15. Let G = (D, R, 113, 01) be an initial game.

A history-based strategy for the cops team is a function
fi (H) — (HE)*v®m such that the image of



(0/17 H/1)7 e (0'/27“ H/2n)7 (Jén+17 H/2n+1)

is obtained by adding a pair (05, 5,115, 5) to the end of
the history, where

(HS1) Forany1 <i < 2n+ 1, there are 0,0’ € ¥t € 11,

with o(y) # o' (y).

(HS2) 0,40 € MC(0h,, 1) and I}, ., is the resulting set
of information states.

(HS3) For any

he = (0?7 Htll)’ EEEE) (O—gnJrlv Hgn+1)
hb = ha7 (Uéln+2’ Hgn-‘,—Z)
he = (va Hf)v B (Jgn—o—lv H§n+1)

hd = h07 (U§n+27 H§n+2)
such that f(hy) = hy and f(he) = hg, if for any 1 <
i < 2n+ 1, B¢ € IIY is the same as 3¢ € 11§, then
08 4o(x) = 05, o(x) for any cop x € C.

Similarly, a history-based strategy for the robber is a map
g (HE)e"e™ — (HE)°% such that the image of

(01, 111), -+ (0%, 5y

is obtained by adding a pair (04,, 1,115, 1) to the end of
the history, where

(HS4) Forany 1 < j < 2m, there are 0,0’ € Bt € 11,
with o (y) # o' (y).
(HS5) 0,41 € MR(0),,) and 1T}, | is the resulting set
of information states.
(HS6) For any
hq = (J?vntll)ﬂ RN (O—gmv %m)
hy = ha7 (Uélm-‘rl’ Hgm-ﬁ-l)
he = (Ji Htlj)v sy (Ugmv Hgm)
ha = he, (U§m+17 H§m+1)
with g(hg) = hy and g(h.) = hg, if forany 1 < i < 2m,
Y& € IIf is the same as X € 11, then it holds that
U§m+1(y> = Ugm+1(y)'

By (HS1) and (HS4), these functions only make sense for
the sequences containing no pairs representing the case that
the cops team already wins. Moreover, (HS3) and (HS6)
indicate that their actions depend on the information avail-
able to them. For instance, given two histories of the same
length, if the cops team always has the same information
states at the corresponding stages (intuitively this means that
the cops team cannot distinguish between the histories), then
by (HS3), where they will move to should be the sameE]

Definition 16. Let G = (D, R, 11y, 01) be an initial game.
A history-based winning strategy for the cops team is a strat-
egy such that when they follow it, they can win all runs of the
games in Gg. A history-based winning strategy for robber is
a strategy such that when he follows it, he can win all runs
of the games in (Grg.

SHere two histories cannot be distinguished only when their
lengths are the same. Games with this feature are called von Neu-
mann game (Kuhn| |1997} |Ghosh and Padmanabhal 2018). With
respect to the game, we need to assume that players can remember
how their knowledge is updated in each step of the histories.

Histories do not matter There is an equivalence between
the two notions of strategies, in the sense of the following:

Theorem 17. Let G = (D, R,II; = {3, Sk}, 01) be an
initial game. Then, it holds that

(i) The cops team has a history-based winning strategy iff
the team has a positional winning strategy.

(i) The robber has a history-based winning strategy iff he
has a positional winning strategy.

Proof. The proofs for the two parts are similar, and we
merely consider the former.

(1) Assume that the team has a positional winning strat-
egy g. Define a history-based strategy f of the team as fol-
lows: for any history hy = (of,1I1}),..., (05, 11,5, 1)
from HY, f(h1) = hi,(0h, 0,115, 5) if and only if
g(aén+17 Hl2n+1) = (Uén—&-Qa Hl2n+2)' Then, the resulting
f is a history-based winning strategy of the cops team, and
in particular, (HS3) is ensured by (PS2).

(2) We move to the other direction. Assume that the cops
team has at least one history-based winning strategy.

First, let us consider a simple case that there is a history-
based winning strategy g satisfying the following condition:

for any two histories hy,hy € ’Hg whose last pairs
are (O/Qn—i-lv H,2n+1) and (U/27n+17 H/2m+1) respectively,
when the information states X' € IIj,., and
ng“ € I, ., are the same, the cops need to take
the same actions on the basis of the two histories. ()

Then, based on such a g, we can construct a positional
strategy f for the cops team satisfying the following: if
there is a history h = (01,1I),..., (09,4 1,115, ;) such
that g(h) is obtained by adding (0%,, 5,115, , ) to h, then

f(a-l2n+1’ H12n+1) = (Uén+2’ H/2n+2)'

The condition (7) is crucial, and it ensures that the resulting
f is a function. Any such f satisfying (PS1) is a positional
winning strategy for the cops team, and in particular, (HS3)
ensures that it has the property (PS2).

Next, it suffices to prove that the cops team always has
a history-based winning strategy satisfying (). Fix an ar-
bitrary history-based winning strategy g of the cops team.
Suppose that the strategy does not satisfy (}), and we show
how to modify it to satisfy the property.

Now there are different histories h1, ho such that the in-
formation states E%”H € Ilp,41 and E%’”H € Mot
from their last pairs (02n41, Hon+1) and (o241, Hamt1)
are the same, but according to the strategy, the cops need to
take different actions. For the g and the E%”H, we define
Ac‘cion‘;g"+1 as the set consisting of pairs (o, II) s.t. g adds

(0,1I) to a history, with an odd length, whose last pair has

Z%”“ as the information state of the cops team. Intuitively,

Actionézwrl collects all possible movements of the cops
C

based on Z%”“ under g, and it is a finite set. Moreover,
there must be a situation o from some pair in ActiongE%,Jrl
C



such that if the cops act according to g, with the exception
that they always move to o(x1) and o(z3) whenever the
team has the information state Zg"“, then they can win no
matter how the robber acts: otherwise, when Eg"“ is the
information state of the cops team and it is their turn to act,
any action of them according to g would leave a room for
the robber to survive, in that there is a history h € Hg con-
sidered to be possible by the cops team, such that its last pair
has $2"*! as the information state and it is the turn of the
cops to act, but the cops team cannot win by performing that
action. In such a way, we can always modify g to a winning
strategy for the cops team that satisfies (1), as needed. ~ [J

4 Higher-order knowledge in games

As mentioned, the information states are about the first-
order knowledge of the players, but contain no information
about their higher-order knowledge. To take a closer look
at the latter notion, we consider an example, which would
indicate how higher-order knowledge can emerge:

Example 18. In the picture below, both x1, x5 are at s1, and

y Is at Ss.
53
S1 52 Y
*——>
T1,T2
Sq

Let us consider the team knowledge of the cops. They know
that y is at 3 or 4, but do not know which one is the case. For
the higher-order knowledge, they would know that y knows
where x1 and x4 are: from each of the positions s3 and sy
that are considered to be possible by cops, y can see the
same region { sz, s3, S4}, and he cannot see x1 or xo, which
would make y know that both x1 and x4 are at s1.

Precisely, the higher-order knowledge discussed in the ex-
ample is second-order knowledge, i.e., the knowledge about
the knowledge of positions. Arriving at the apparently rea-
sonable conclusion about the higher-order knowledge in the
example above also has its price:

Remark 19. To ensure that we can obtain the conclusion
that the cops team knows that y knows where x1 and x- are,
we need to enhance the assumption that everyone knows the
game board structure (Remark [§) to a stronger form that
everyone knows that everyone knows the structure. More
generally, to fit with the setting with unlimited higher-order
of knowledge, we need to work with the assumption that it is
common knowledge that all players know the structure.

In this section, we develop the game involving second-
order knowledge - the definitions and results mentioned here
can be generalized to arbitrarily higher orders of knowledge.
Definition 20. A cops and robber game with second-order
knowledge is a tuple G = (D, R,II), where (D,R) is a
game board, and 11 = {O¢, Or} consists of the information
states Oc = {Fc, Hc} of the cops team and ©Og = {Fr, Hg}
of the robber with the following properties:

(HG1) Fc,Fr C DV are non-empty sets of situations,
and satisfy the conditions (G1), (G2) and (G3).

[Fc and Fr represent the first-order knowledge. |

(HG2) Hc C Fc x P(DV*) satisfies the following:
(HG2.1) For any o’ € Fc, there is at least one ¥ C DV
with (o', X)) € He.
(HG2.2) For any (¢’,%) € Hc, ¥ satisfies the require-
ment of (G1) for the 1-sight ability of the robber.

[Hc represents the knowledge of the cops team regarding
the first-order knowledge of the robber y: (HG2.1) means
for each o’ considered to be possible by the team, there is
at least a class of situations, representing y’s first-order
knowledge that is considered to be possible by the cops
team; and by (HG2.2), the cops know that y has the ob-
servational power. |

(HG3) Hr C Fg x P(DV) satisfies the following:
(HG3.1) Forany o' € FR, there is at least one ¥ C DV*"
with (o', %2) € Hg.
(HG3.2) For any (0',X) € Hg, X satisfies the require-
ment of (G2) for the 1-sight ability of the cops.

[HRr represents the knowledge of the robber regarding the
first-order knowledge of the cops team.]

(HG4) For any {0/, %) € Hc UHg, ¢’ € 3. Moreover,
when o' is the actual situation (i.e., o' € Fc NFR), it
holds that (o', Fr) € Hc and (o', Fc) € Hg.

[Intuitively, the first part ensures that no players would
ignore the ‘actual situation’, and the second part aims to
ensure the veridicality of the second-order knowledge. |

Remark 21. Compared with the first-order knowledge set-
ting (Definition[3)), we have some additional assumptions.

e As analyzed, (HG2.2) indicates that cops know that the
robber has the 1-sight ability, and (HG3.2) indicates that
the robber knows that each cop has the 1-sight ability.

o The second-order knowledge HRg of the robber is given by
pairs of the form (o,Y), meaning that the robber consid-
ers the following to be possible: when o is the actual case,
the cops team cannot distinguish between the situations in
Y. This indicates that the robber knows that the two cops
share (first-order) knowledge.

These assumptions will affect how the players can update
their knowledge during the game play (see Definition [22).

Our purpose here is to propose a faithful framework for
the game, and the method used to represent players’ knowl-
edge differs from standard epistemic logic (van Benthem,
2011} [van Ditmarsch, van der Hoek, and Koo}, [2008}; [Fagin!
et al., [1995; Baltag, Moss, and Solecki, [1998)). In the latter,
what an agent cannot distinguish between are merely possi-
ble worlds, and such indistinguishability relations between
those worlds are assumed to be common knowledge. By
contrast, according to the definition above, a player may not
know what others cannot distinguish: for instance, given a
o, there may exist distinct 2 and X/ such that the cops team
cannot distinguish between (o, ) and (o, ¥’), meaning that
when o is the actual situation, the team does not know what
the robber cannot distinguish between. This can happen dur-
ing the game play: for instance, starting from a fixed (o, ),
actions of players may lead to different (¢, X1 ) and (¢o”, X5)

(cf. Example 23).



Definition 22. Given a game with second-order knowledge
G = (D,R,II; = {{F¢,HEY}, {Fk,Hi}}, 01), an action
(or movement) of x € {C, R} from G, updates it into a game
Go = (D, R, 11, = {{F2, HE}, {F&,H2}}, 02), where

(HActl) oo € M*(0y), and Fi and F% are given by
(Act2) and (Act3) in Deﬁnition%] respectively.
(HAct2) HZ consists of those {0, %%) C F2 x P(DV)
such that there is a (o, %)) € H{ as follows:
(HAct2.1) o) € FZ2 N M*(a?).
(HAct2.2) X, consists of the situations o € M*(XZ})
such that for any v € Var,
o [/} (v) € S(ah(y)), then o(v) = Fh(v).
o [fos5(v) & S(03(y)), then o(v) & S(o(y)).
[It concerns how second-order knowledge of the cops
team is updated. Those new (o}, 3%) are obtained from
the old ones (o, %}). By the first sub-clause, ol should
be obtainable from a previous o of (o}, X)) via x’s move-
ment along R, and o), itself is considered to be possible
by the cops team after the action. By the second sub-
clause, the cops team knows that the robber updates his
first-order knowledge based on his 1-sight ability.]
(HAct3) H2 consists of those {0, %4) C F2 x P(DVar)
such that there is a pair (o}, %)) € H} as follows:
(HAct3.1) o} € F& N M*(a}).
(HAct3.2) X, consists of those o € M* (X)) such that
e Forany x € C, o(z) = o4(z).
o Ifob(y) € S(oh(x1)) US(ah(xa)), then o = o).
o Ifol(y) & S(oh(x1)) US(ah(x2)), then it holds that
o(y) & S(a(@1)) US(a(es)).
[1t concerns how y’s second-order knowledge is updated.
The second and the third sub-clauses indicate that y
knows that the cops share information with each other. |

Example 23. We consider an example depicted below.

T1,T2 Yy
v ¢ ¢ U 9
S1 S92 S3 S4

t

From the perspective of the cops team, any of s1-s4 could
be the position of y. Also, the team would think the following
is the case, involving the first-order knowledge of y: if y is
at ss, then y would know that cops are at t or s4. So, the
higher-order information state H{. at this stage contains

<(t, t, 82), El = {(t, t, 82), (t, S4, 82), (84, t, 82), (84, S4, 52)}>

Assume that y moved to ss in the first round, and moved
to s3 in the second round. Let us consider the information
states of the cops team at the end of the second round. Re-
garding their first-order knowledge, the team cannot rule
out any possibilities, and with respect to their higher-order
knowledge, for instance, their higher-order information
state HZ at this stage contains not only {(t,t, s2),%1}), but
also {(t,t,s2),{(t,t,s2)}): from the perspective of cops, it
is possible that the initial position of the robber is so, and
based on this, both the cases below are possible by the end
of the second round:

e The robber stayed at s, in the first two rounds, and did
not gain any new information (so ((t,t, s2),%1}) € Hg).

o The robber moved to ss in the first round and returned to
So in the second round. In such a case, y knew that both
the cops are at t (so, ((t,t, s2), {(t,t,52)}) € HR).

Remark 24. For the setting with second-order knowledge,
we should enhance the assumptions stated in Remark S}

e After an action of cops, cops update not only their first-
order knowledge, but also their second-order knowledge
about the first-order knowledge of the robber y. This indi-
cates that cops know that y knows it was the turn of cops
to act. Similarly, when it is the turn of y to act, y also
knows that cops know the fact. Thus, the cops and the
robber know that each other knows whose turn it is to act.

e The way to update second-order knowledge demonstrates
that the cops and the robber know that each other knows
the game board structure.

e After an action, the cops and the robber update both their
first-order and second-order knowledge with the previous
ones, which indicates that they know that each other does
not forget the first-order knowledge before the action.

Proposition 25. Let G, = (D, R,II1,01) be a game with
second-order knowledge, x € {C,R} and oo € M*(oy).
Then, Go = (D,R,Ils, 09) is well defined, where Il5 is
given by (HAct1)-(HAct3). Moreover, {02} = F2 N F3.

Proof. The argument for {02} = FZ N F3 is the same as
before (Proposition [0). In what follows, we prove that the
resulting G5 is well defined. To achieve this, we will show
that (HG1)-(HG4) from Definition [20] are satisfied.

(1) First, it follows from (HAct1) that (HG1) is satisfied.
The detailed argument for this is similar to that in the proof
for Proposition[9] and we skip the details.

(2) Next, we prove that (HG2) and (HG3) hold. They are
analogous, and we only consider the former. By (HAct2.1),
(0, %) € HZ implies o’ € F2. So, HZ C FZ x P(DVa).

Now we show that (HG2.1) and (HG2.2) hold. Let us start
with the former. Assume that o, € FZ. Then, o, € M*(F¢).
So, there is a situation o € F{ such that M*o 5. Fix such
a situation of. Due to the well-definiteness of G, there is
a set X} such that (¢,%]) € H{. We write ¥ for the
subset of M*(X/) that consists of the situations satisfying
the two conditions imposed in (HAct2.2). Notice that X, is
not empty: by (HG4), it holds that ] € X/, and so ¢}, € X,
Now we have (0}, %%) € HZ, which indicates that (HG2.1)
is satisfied. Moreover, to see that (HG2.2) is also satisfied,
note that the two conditions imposed in (HAct2.2) ensures
that the robber has the 1-sight ability, i.e., 3/, satisfies (G1).

(3) Finally, we show that (HG4) is satisfied. We know
from the reasoning above that for any (04, ¥5) € Hc U Hp,
ol € Xf. Moreover, recall that o5 is the new actual situa-
tion, and we prove that (o9, Fg) € HZ and (09, F2) € HE.
They are analogous, and we just consider the latter. Note that
(01,F¢) € Hk. By (HAct3), we have (02, F2) e HA. O



5 Does second-order knowledge matter?

A ‘run’ for the game with second-order knowledge can be
defined in the same way as that for the first-order knowledge
setting (Definition [I0), except that the information states IT
involved in a sequence of pairs (o, IT) now also contain the
information about second-order knowledge. The mechanism
for determining whether the cops team knows the exact po-
sition of the robber is given by their first-order knowledge
Fc. As before, given a run, the cops team wins if at some
stage [F¢ is a singleton set; otherwise the robber wins.

As the setting with only first-order knowledge (Section[3),
players in a game G with the second-order knowledge may
not know which game they will play, either. Analogous to
Deﬁnition we can define Gg and Gg that are considered
to be possible by the cops team and the robber, respectively.

Moreover, we can extend the notions of history-based
strategies, positional strategies and the corresponding win-
ning strategies to the higher-order knowledge setting. To
save space, we only present the positional ones.

Definition 26. Let G = (D, R,II; = {©f,04},01) be a
game with second-order knowledge. Let P be the set consist-
ing of the pairs (o, 11) such that 11 satisfies (HG1)-(HG4) and
contains Fc,Fr as the first-order knowledge of the players.

A positional strategy for the cops team is a function f :
P — P such that

(HPS1) f(o,1I) = (o', IU') only if Fc from 11 is not a sin-
gleton set, ¢’ € M~(o), and I1' is the class of information
states in the game (D,R,Il', o’) obtained by updating
(D, R, 11, o) with the movement of cops from o(x1) and
o(x2) to, respectively, o'(x1) and o’ (x2).

(HPS2) Forany pairs (04,11,), (op, 1), (0, I1.), (04, I4)
from P, when ©¢ € 11, and ©¢ € Il. are the same,
floa, o) = (0p, I1p) and f(o¢, 1) = (04,114), it holds
that oy (x) = o4(x) for any x € C.

Similarly, a positional strategy for the robber is also a

function g : P — P such that
(HPS3) g(o,II) = (o', 11) only if Fc from Il is not a sin-
gleton set, o' € MR(a), and IU is the class of information
states in the game (D,R,1I', 0’) obtained by updating

(D, R, 11, o) with the movement of y from o (y) to o’ (y).

(HPS4) For any pairs (c4,11,), (05, 11p), (0¢, 1e), (04, 14)
from P, when ©% € 11, and ©f € Il. are the same,
g(Jaa Ha) = (Ubv Hb) and g(JC7 HC) = (Uda Hd)’ it holds

that op(y) = o4(y)-

We can generalize the previous notion of initial game
for the first-order knowledge setting to the new framework.
With this, we now define the notion of positional strategy:
Definition 27. Let G = (D, R, 11y, 01) be an initial game
with second-order knowledge. A positional winning strategy
for the cops team is a strategy such that when they follow
it, they can win all runs of the games in Gg. A positional
winning strategy for the robber is a strategy such that when
he follows it, he can win all runs of the games in Gg.

Histories do not matter Again, for the setting with higher-
order knowledge, we can show the following:

Theorem 28. Given an initial game with higher-order
knowledge, it holds that

(i) The cops team has a history-based winning strategy iff
the team has a positional winning strategy.

(i) The robber has a history-based winning strategy iff he
has a positional winning strategy.

Higher-order knowledge does not matter We are finally
ready to prove our main hypothesis: the players having
second-order knowledge in the game do not affect the ex-
istence of winning strategies. In what follows, given a game
G® = (D, R, II®) with second-order knowledge and a game
G* = (D, R, I1*) with first-order knowledge, when the first-
order knowledge Fc and Fg from II® are the same as those
from II¥, we say that II® is an extension of II. Also, we say
that G is an extension of G* if II® is an extension of IIE.

Theorem 29. Let G° be an initial game with second-order
knowledge and G* an initial game with first-order knowl-
edge such that G® is an extension of G*.

(i) The cops team has a positional winning strategy in G°
iff the team has a positional winning strategy in G*.

(i) The robber has a positional winning strategy in G* iff
he has a positional winning strategy in G.

Proof. The two parts are similar, and we just consider the
first part. Since G = (D, R, II%) is an extension of G* =
(D, R, IL¥), they have the same actual situation. We write
o1 for it. To avoid confusion, we will use ‘£’ (first) and ‘s’
(second) as superscripts to indicate the kind of game under
consideration. For instance, we write II° to mean the set of
information states of a game with second-order knowledge.

(1) We first assume that the cops team has a positional
winning strategy f : P* — Pf in G®, where P* is given by
the PP in Definition Based on f, we define a positional
strategy g : P> — P* for the cops team in G*° as follows:

9(0a,113) = (03, 11} iff f (00, 115) = (0, IT}),

where P*° is given by the P in Definition II% is an ex-
tension of II%, and II¢ is given by the movement of cops
from o, (x1) and o, (z2) to o (1) and op(22), respectively.
Clearly, IT§ is an extension of IIf.

The resulting g is well defined, and one can check that g

is a winning strategy for the cops team in G*.

(2) We now consider the converse. Assume that the cops
team has at least one positional winning strategy in G*.

We starting by considering the case that there is a strategy
g that satisfies the following property:

for any (0g4,II%) and (o}, II3) with the same compo-
nents for the first-order team knowledge of the cops
(e, F¢ = F2), it holds that o.(z) = oq(z) for
any cop ¢ € C, where g(04,1I5) = (o.,II2) and

g(o—bv Hi) = (Udv HZ)

Based on such a strategy g, we can define a strategy f for the
cops team in G* as follows: f(og4,II%) = (o, ITf) iff there

are the extensions (o,,II2) and (o, II) of (o4, IIY) and



(0, I1}), respectively, such that g(oq, II3) = (0y,II3). The
condition (1) ensures that f is a function, which together
with (HPS2) also guarantees that f satisfies (PS2). One can
check that f is a winning strategy for the cops team.

Next, we show that the cops team always has a positional
winning strategy enjoying the property (). Fix an arbitrary
winning strategy g of the team that does not satisfy (1), and
we show how to modify it to satisfy the property.

Now, there are different (o,,II3) and (o3, II3) s.t. the
components F¢ and IE‘Z(’: for the first-order team knowledge of
the cops are the same, but cops need to take different actions
according to g. For the g and the F¢, we define Actionfég as
the set consisting of pairs (o, IT®) s.t. g maps a pair (o;, I1$)
to (o, II®), where F¢ is also the first-order team knowledge
in II¥. Notice that Action]%g is finite. Also, there must be a

o from some pair (o, IT®) in Actionf, s.t. if cops act accord-
C

ing to g, with the exception that they always move to o(x1)
and o (z2) whenever they have the first-order knowledge Fg,
then they can win no matter how the robber acts: otherwise,
when it is the turn of the cops to act and their information
state for the first-order knowledge is ¢, any action of the
cops according to g would leave a room for the robber to
survive, in that there is a run that it is considered to be possi-
ble by the cops team and contains a stage such that the cops
need to act and have F¢ as their first-order knowledge, but
they cannot win in the run by performing that action.

In such a way, we can always modify an arbitrary winning
strategy of the cops to a winning strategy satisfying (1). O

6 Conclusion

In the paper, we explore an imperfect information game of
cops and robber. We identify the natural assumptions regard-
ing the players’ knowledge and ability that are used in such
games to make these notions explicit. Moreover, we prove
that regarding the existence of winning strategies, only fac-
tual knowledge matters, which refers to the current informa-
tion states for first-order knowledge: the historical informa-
tion and higher-order knowledge do not increase the strate-
gic ability in any way. Such considerations also make sense
for the perfect information game setting, which usually as-
sumes that players know each other’s positions but does not
consider higher-order knowledge.

A natural next step is to study whether the various game
structures presented in the article have some influence on
the complexity bound of finding winning strategies. Also,
it is important to have a formal system to reason about such
game dynamics along the lines of (L1, Ghosh, and Liu, [2025;
Li et al., 2023). Moreover, as stated, our approach to the
game aims to capture the knowledge of players in a faithful
way, but it is also meaningful to develop the game based on
the standard epistemic approach and make a comparison be-
tween the two directions (van Benthem), 2026). Finally, it is
worth exploring further variants of the game. For instance,
one can assume that the robber always knows the positions
of the cops, whereas the cops may only have partial infor-
mation. Alternatively, we may require that the cops win if at
least one cop is at the same position as the robber.
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